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by 
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ABSTRACT 
By expanding the response of a cylindrical shell in truncated 
Fourier series, the nonlinear Donnell type shell equations for imper-
feet stiffened shells were reduced to a set of linear equations in the 
correction terms by Newton's method of quasilinearization. Solutions 
were obtained for isotropic and for ring and stringer stiffened shells. 
The amplitudes of the initial imperfections used in the analysis were 
calculated from the corresponding Imbert-Donnell imperfection models. 
The free parameters in this imperfection model were obtained by 
least square fitting the harmonics of the experimentally measured 
initial imperfections. It was possible in all cases to achieve satis-
factory correlation using only a few suitably chosen deflection and 
imperfection modes. 
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NOMENCLATURE 
Poisson's effect (c = V3( 1-v 2 ) 
bending stiffness (D 
effective bending stiffnesses - see Reference 11 
Y ' d 1 (lb/l·n 2) oung s mo u us 
F, Fio' Fki, Fk.£- Airy stress functions 
oF, 6Fio' oFki' oFk_e -stress function correction terms -see eqs. 7 and 14 
H H H -
xx' xy' yy 
i, k 
L 
N 
X 
R 
Q Q Q -
xx' xy' yy 
q,r,s 
t 
S,T 
u,v,w 
effective stretching stiffnesses - see Reference 11 
number of half waves in the axial direction 
number of full waves in the circumferential direction 
shell length (in} 
linear operators defined by eqs. 3, 4 and 5 respectively 
nonlinear operator defined by eq. 6 
moment resultant (in lb/in) 
stress resultant (lb/in) 
radius of shell (in) 
effective torsional stiffnesses - see Reference 11 
parameters determined from least square fit - see 
Reference 28 
thickness of shell (in) 
dummy arguments used in eq. 6 
displacement components in the x, y and z directions, 
respectively 
W, Wio' Wki, Wk.J. - radial displacements -positive inward 
oW, 6Wio' 6Wki' 6Wk£ - radial displacement correction terms - see 
eqs. 7 and 13 
w. w,_n, WLn 
10 J K..< K..< 
p 
v 
NOMENCLATURE (Cont'd) 
radial imperfections from perfect circular cylinder 
d . · 1 1 d" t (' - cR cr_ ) non 1mens1ona oa 1ng parame er ,... - t E 
classical buckling load 
axial load level at the limit point of an imperfect cylinder 
nondimensional loading parameter for stiffened 
Nx 
shells (p = N~--
xci. 
Poisson's ratio 
initial imperfection amplitude 
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INTRODUCTION 
The buckling behavior of axially compressed thin walle d stiff -
ened or unstiffened cylindrical shells has been a major concern to 
practicing structural engineers for many years. Initial g e ometrical 
imperfections have been accepte d qualitatively as the e xplanation f or 
the discrepancy between the analytical predictions and the experime n-
tal values and for the frequently large scatter of the expe rimental 
results. This acceptance is mainly due to the work of a few inve s-
tigators(l, 2 • 3 ) who, using specialized imperfections, have d e mon-
strated the sensitivity of the buckling load to initial imperfe ctions. 
However, despite the accepted theoretical explanation of the 
buckling behavior of axially compressed shells, the incorporation of 
the idea of imperfection sensitivity into engineering practice has not 
been accomplished except in an empirical manner. The e ngineers 
who design actual shell structures against buckling do it by the m e thod 
developed in the early 40 1s( 4 , S) by using an empirical "knockdown 
factor" applied to the results of the classical small deflection the ory. 
The "knockdown factor" is chosen so that its product with the class-
ical buckling load leads to a lower bound to all the experimental data 
for the shell-loading configuration under consideration. 
This apparent reluctance of the practicing structural engineers 
to accept and assimilate the findings of the theoreticians is based on 
two often overlooked but very important facts. In the first plac e , 
with the exception of a few papers by Hutchinson(6 ), Thurston and 
Freeland(?), and Arbocz and Babcock(S)' the bulk of the imperfection 
studies deal with idealized axisymmetric shapes which are seldom, 
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if ever, realized in the actual shell structures. The other, and £rom 
the designer's standpoint probably the more important reason, is the 
complete absence of measurement of imperfections for full-scal e 
structures. 
For laboratory scale shell structures, impe rfections have 
been measured by the Galcit group for several years (B, 9 ). Buckling 
load predictions based on these imperfections have been published 
previously(B, lO)_ These imperfection correlation studies were based 
on approximate solutions of the Donnell type imperfect shell equations. 
These solutions did not satisfy the correct experimental boundary 
conditions. In the present work, special attention has been paid to 
account for the effects of the nonlinear prebuckling deformations due 
to the edge constraints and the correct experimental boundary condi-
tions. 
EFFECT OF GENERAL IMPERFECTIONS- MULTIMODE SOLUTION 
The correlation studies reported in this paper were carried 
out using an analytical solution of the imperfect shell equations that 
can incorporate general imperfection shapes. Initially the nonlinear 
Donnell type shell equations are reduced to a set of linear partial 
differential equations by Newton's method of quasilinearization. 
(This type of solution was first applied to the imperfect shell prob-
lem by Thurston and Freeland(?).) A combination of Fourier expansion 
and Galerkin's procedure then results in a set of algebraic equations 
in terms of the harmonic components of the correction terms. Finally, 
the system of algebraic equations is solved by a standard iterative 
procedure. 
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Stiffened Shell Equations 
Using the sign convention defined in Fig. 1 the Donne ll type 
equations for imperfect stiffened cylindrical shells can b e written ( 11 ) 
1 1 --
= - R W, xx- 2 LNL{W, Wt-2W) ( 1 ) 
( 2) 
where the linear operators are 
LD ( ) ::: D ( ) , + D ( ) , + D ( ) , ( 3) 
xx xxxx xy xxyy yy YYYY 
L ( ) ::: H ( ) + H ( ) + H ( ) ( 4) 
H xx ' xxxx xy ' xxyy YY ' YYYY 
and the nonlinear operator is 
LNL(S, T) ::: S, T, - 2S, T, + S, T, (6) 
xx yy xy xy yy xx 
Commas in the subscripts denote repeated partial differentiation with 
respect to the independent variables following the comma. The stiff-
ener properties have been "smeared out" to arrive at effective bend-
ing, stretching and torsional stiffnesses. The stiffener parameters 
D , H , Q , D , ••• etc., are defined in Reference 11. The se 
XX XX XX xy 
equations were first derived by Geier(lZ)' however in the present 
notation they are due to Singer ( 13) and Hutchinson and Amazigo ( 14). 
Here W is the initial radial imperfection, W is the component of 
displacement normal to the shell mid surface and F is the Airy stress 
function. 
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Newton's Method of Quasilinearization 
Let us r epresent the (m+ l)th approximation to a solution of 
eqs. 1 and 2 by 
where 
w 1 = w +ow m+ m m 
Fm+ l = Fm + oFm 
W , F = mth approximation to the solution 
m m 
oW , oF =correction to the mth approximation 
m m 
(7) 
Substituting into eqs. 1 and 2 and neglecting squares of the correction 
quantities yields the following set of linear equations for determining 
the correction terms · 
+ L (W + W oW ) = -E(l) 
NL m ' m m (8) 
-LNL(W m + W, oF m) = -E(2) m (9) 
where 
E (l) =L (F )-L (W )+..!_W 1 L ( - (10) 
m H m Q m R m,xx+2 NL Wm,Wm+ZW) 
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Reduction to a Set of Algebraic Equations 
If we represent the initial imperfections by 
w = t 
N i! w. 
i = 1 10 
N3 
Nz 
cosix + t l: ~ 
k, 1= 1 
LJ KL sinkx sinly +t '\' f w.,_'b -
k, =1 
Where X- = 7rX y L' Y = R. 
wk1 s inkX c 0 siy 
then eqs. 1 and 2 admit separable solutions of the form 
Wrn! ):v 
Nl 
w. \ N2 
wk1 10 
= t +t L cosix+t ~~ 
oWm) i =1 ow. k, 1= 1 oWk1 10 
N I W' 3 k1 
+ t k~1~1 ow.' 
k1 
\5:: 
~ _,z -2 N1 F. 
ERt 2 
2 y 
ERt 2 10 
=-z- +-- ~ cosix 
0 c i=l oF. 
10 
( 12) 
sinkX cosiy 
( 13) 
sinkx sin1y 
( 14) 
ERt 2 
Nz 
15::1 N3 r ~~ - - ERt 2 k1 sinkX sinly +-- sinkx cos1y+ -- ~ ~ c k, J. = 1 c k, 1= 1 oFk_e 
where 
H 
w v XX~ = \)3(1-v2 ) = -- c v c l+fJl 
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The unknown coefficients are determined by Galerkin' s procedure 
yielding a set of linear algebraic equations in terms of the unknown 
correction terms. In matrix notation 
(I] {oF} + (C] {oW} =- {E(l)} 
[A] {oF}+ (B] {oW}=- {E(Z)} 
( 15) 
(16) 
The terms of the coefficient matrices and the error vectors are 
written out in Appendix A. 
To obtain the buckling load for a given imperfect cylindrical 
shell one begins by making an initial guess for { W} and { F} at a 
small initial load level }.. • Iteration is then carried out until the cor-
rection vectors are smaller than some preselected value. The con-
verged solutions then are used as the initial guess at the next higher 
axial load level }.. + .6..}... The entire process is repeated for increasing 
values of the axial load parameter }.. • The nonlinear analysis then 
will locate the limit point of the prebuckling states. By definition 
the value of the loading parameter }.. corresponding to the limit point 
will be the theoretical buckling load. 
It is shown in Appendix B that the solution satisfies the cir-
cumferential periodicity condition. 
COMPARISON WITH OTHER SOLUTIONS 
In order to assess the accuracy of the multimode solutions, 
comparisons with Koiter• s asymptotic theory and with a numerical 
solution, which include rigorous satisfaction of the experimental 
boundary conditions, were carried out. 
-7-
Koiter' s Asymptotic Theory 
It was pointed out by Koiter ( 15 ) that if for an isotropic sh'e ll 
the initial imperfections are represented by the following 3 mod e s 
where 
W = t~ {cos idx + \[;. ic_efk 1 sin k 1 x cos i.y 
- Vz ic.tfk 2 sin k 2 x cos iy} 
and k 1 and k 2 are the two roots of the quadratic equation 
2 2 
k2 Rt (.E.) + 12 Rt (_!_) _ k jRf ~ = O 2c L 2c R 'l2c L 
( 17) 
( 18) 
( 19) 
then buckling occurs by reaching a limit point at an axial load level 
>-. given by the equation 
s 
2 -(}.. - 1) = -6c ~ >-. 
s s 
(20) 
This result and the results using the multimode solution are given in 
Fig. 2. As can be seen, the multimode solution agrees with Koiter' s 
asymptotic formula for sufficiently small values of the imperfection 
amplitude r. However, for increasing values of~ the multimode 
solution, which includes higher order terms in the approximate solu-
tion, predicts lower buckling loads. It should also be noticed that 
the imperfection represented by a suitable combination of the buckling 
modes is far more adverse than a single axisymmetric imperfec-
tion(2). 
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The Effects of Boundary Conditions and Nonlinear Prebuckling 
Deformations 
The effect of experimental boundary conditions has been ex-
tensively discussed by Almroth ( 16), Hoff and Soong ( 17 >, and Weller, 
et al. ( 18 ). The effects can be separated into two major items that 
will be discussed separately. These are the effect of nonlinear pre-
buckling deformation caused by the end constraint of the test shell 
and the effect of end fixity on the buckling deformation (eigenfunction) 
and its associated buckling load (eigenvalue). 
The multimode analysis neglects completely the effect of the 
nonlinear prebuckling deformation caused by the edge constraint. 
The boundary conditions satisfied for the eigenvalue problem are the 
classical simple support conditions SS-3 (w = M = v = N = 0). In 
X X 
order to assess the difference in buckling load due to these effects, 
the BOSOR ( 19 ) and SRA (2 0) computer codes were used. Two isotropic, 
I 
two stringer stiffened and two ring stiffened shells were u .s ed in this 
study. The properties of these shells are given in Table I. Initially 
the perfect shell behavior will be discussed. 
Our study recovered the results of previous investigators (21 • 
22
• 
23 ), who showed that the buckling load of a moderate length perfect 
isotropic shell with a membrane prebuckling state is insensitive to 
boundary conditions, provided the out-of-plane deflection w and the 
in-plane circumferential displacement v are suppressed. The buck-
ling load (expressed in lb/in) is always very close to the classical 
value: 
NcJ. = ( 21) 
-9-
If, however, one includes the nonlinear pre buckling deformations 
caused by the end constraints in the analysis, then the buckling load 
depends on the boundary conditions of the problem. For the SS-3 
condition (w = M = v = N = 0) the load is reduced by about 16%, for 
X X 
the C-3 condition (w = w = v = u = 0) by about 7o/o. These results 
X 
are given in detail in Table II. 
For the lightly ring stiffened shells studied in this paper, the 
buckling load with membrane prebuckling, like for the isotropic 
shells, varies only slightly with the different boundary conditions. 
The inclusion of the nonlinear prebuckling deformations caused by 
the end constraints in the analysis results in an 8o/o decrease in the 
buckling load for the weak (SS -3) boundary condition; however, this 
effect is considerably less (about 1% ) for the stiffer (C- 3 and C -4) 
boundary conditions. These results are also given in Table II. 
Finally, for the stringer stiffened shells studied, it is found 
that, contrary to the behavior of the isotropic and the lightly ring 
stiffened shells, the buckling load with membrane pre buckling depends 
strongly on the boundary conditions specified. Stiffening the boundary 
condition raises the buckling load by about 12% for C-3, by about 
39% for the C -4 boundary condition. On the other hand, the inclusion 
of the nonlinear prebuckling deformation (with the shell loaded through 
the skin midsurface) has an insignificant effect. 
From the results displayed in Table II, it appears that for 
perfect shells the nonlinear prebuckling deformation is important 
only for the isotropic shell and for the lightly ring stiffened shell 
with the weak (SS-3) boundary condition. On the other hand, bound-
ary conditions (with membrane prebuckling) will only have a 
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significant effect for the stringer stiffened shell. 
In order to investigate the behavior of shells with initial imper-
fections, an analysis developed by Arbocz ( 24), which takes into account 
both effects, will be used. In this analysis, the nonlinear partial 
differential equations are reduced to a set of nonlin e ar ordinary dif-
ferential equations by a two mode circumferential expansion and a 
Galerkin procedure. The resulting nonlinear ordinary diffe rential 
equations are solved numerically by a parallel shooting technique . 
This analysis, in which arbitrary imperfections (with appropriate 
circumferential dependence) and arbitrary boundary conditions can 
be accounted for, will be referred to as the "extended" analysis. In 
order to reduce the computer cost with the numerical analysis, the 
test shells were slightly shortened in length for this investigation. 
The properties of the shells X -1, XR -1 and XS -1 are listed in Table I. 
First we shall examine the effect of an idealized imperfection, 
consisting of an axisymmetric and an asymmetric mode, on the buck-
ling load of an isotropic shell. Thus, for 
W = -0. 5 t cos 2X + 0. 0 5 t sin x cos 13 y ( 22) 
it was found that the multimode and the extended analysis with C-3 
boundary conditions gave virtually the same buckling load(ZS). The 
results are displayed in Fig. 3, where in addition to a load-displacement 
relationship the deformations near the maximum load level as computed 
by the two analyses are displayed. It is clear from this figure that 
despite the complete difference in edge constraint (and hence in the 
deformation near the shell edges) the imperfection is dominant and 
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it controls the behavior of the shell. This implies that for dominant 
imperfections the nonlinear prebuckling deformation due to end con-
straint can be neglected. 
Investigating the effect of an idealized imperfection consisting 
of one axisymmetric and two asymmetric modes on the buckling load 
of a lightly ring stiffened shell, good agreement was found between 
the results of the multimode and the extended analysis with C-3 
boundary conditions ( Zb). As can be seen from Table III, the differ-
ence in the critical load predicted by the two analyses is approximately 
1%. 
When working with the stringer stiffened shell XS -1, one must 
remember that for the perfect shell the buckling load depends strongly 
on the specified boundary conditions. Thus, using an idealized imper-
fection consisting of one axisymmetric and one asymmetric imperfection, 
it was found that the multimode and the extended analysis with SS-3 
boundary conditions gave virtually the same buckling load(Zb). Notice 
also from the results displayed in Table III that the imperfection 
resulted in a 38% decrease in the buckling load when compared with 
the analysis using a membrane prebuckling state and the same SS- 3 
boundary conditions. Next we calculated the buckling load of the 
same shell with the same initial imperfections but with C-3 boundary 
conditions. This resulted in a 37% decrease in the buckling load 
when compared with the analysis using a membrane prebuckling state 
and the same C -3 boundary conditions. This similarity in the reduc-
tion of the buckling load for the two boundary conditions motivated 
the decision to take boundary conditions into account (when they are 
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important) by comparing the imperfect shell buckling load to the 
corresponding perfect shell buckling load using in both cases the 
same boundary conditions. This procedure will be followed in the 
correlation study with experimentally measured initial imperfec-
tions. It should be noted that in this study this will b e necessary 
only for the stringer stiffened shell. 
THE AVERAGED IMPERFECTION MODEL 
The correlation studies to be carried out using the previously 
described multimode analysis require the measured initial imper-
fections in the form of double Fourier expansions. The m easure-
ments were taken by equipment specifically designed for this purpose 
at GALCIT and the results are reported in the literature (S, 9 ' 2 7). 
The amplitudes of the Fourier coefficients are calculated from the 
measured data in a standard manner. When observing such data 
displayed on a log -log basis ( 27 ) it is evident that the imperfection 
amplitude coefficient can be approximated by straight lines as follows: 
where 
w. 
XA 
= 10 .q 1 
= (25) 
w. is the 10 l
·t d f th . th . t . F . h . amp 1 u e o e 1 ax1symme r1c our1er armon1c, 
wk1 is the amplitude of the k, _lh asymmetric Fourier harmonic 
and 
XA, X, q, r, s are coefficients determined by least-square 
fitting the measured data. 
This model, introduced by Imbert(ZS) following an idea by Donnt:ll and 
Wan ( l) was extensively utilized by Arbocz and Babcock( 10 ) in previous 
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correlation studies. The same imperfection model will be used in 
this study for the following reasons. 
In the first place, the correlation studies carried out in this 
paper required in some cases imperfection amplitudes at wave num-
bers that were not measured. This was due to the fact that in the 
early experimental work the experimental data spacing was not suf-
ficiently close to resolve all the harmonic amplitudes of interest. 
Therefore, the imperfection model was fitted over the wave numbers 
actually measured and then the amplitudes of the harmonics of 
interest could be obtained by extrapolation. The accuracy of this 
procedure is unknown. Secondly, the imperfection model fitting 
is a numerical smoothing operation of the experimental data. It 
was felt that such an operation was desirable due to the experimen-
tal scatter experienced in obtaining the imperfection measurements. 
Thirdly, it is highly desirable to have an imperfection model that 
represents a class of shells manufactured by a given process. 
The utilization of the imperfection sensitivity calculations will 
undoubtedly occur before the detailed shell imperfections are 
available. Therefore it is necessary to make predictions based 
on an imperfection model of this type. The parameters of the 
imperfection model used in this study are given in Table IV. 
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MODE SELECTION 
The number of modes of deformation included in the analy s i s 
is limited by practical considerations, like the available core size 
and the time required for obtaining the solution. Thus, sinc e th e 
shell buckling load will be determined from the governing equations 
by using a particular set of modes, an attempt at optimizing the 
selection of these modes must be made. That is, we want to locate 
those modes which dominate the pre buckling and buckling behavior 
of the shell. 
Examples of attempts to locate "critical modes," defined as 
that combination of axisymmetric and asymmetric modes which would 
yield the lowest buckling load, have been reported by Arbocz and 
(8 10 11) (28) Babcock ' ' and Imbert • These imperfe ction studies have 
shown that in order to yield a decrease from the buckling load of 
the perfect shell the initial imperfection harmonics used must includ e 
at least one mode with a significant initial amplitude and an associ-
a ted eigenvalue that is close to the buckling load of the perfect she ll. 
Hence, in this investigation, the selection of modes will be based on 
the following three considerations: 
1. the eigenvalue of the mode, 
2. the initial amplitude of the mode, 
3. the coupling of the mode selected with other modes of 
the solution. 
Based on the modes selected, the theoretical buckling load will be 
calculated. Different combinations will be used in order to invcs -
tigate the influence of wave numbers and initial amplitudes on th e 
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calculated buckling load. Finally the lowest buckling load calculated 
will be compared with the experimentally determined buckling loads. 
Eigenvalue Maps and Initial Imperfection Amplitudes 
Figures 4, 5 and 6 show maps of the classical buckling loads 
for three of the experimental shells used in this investigation. The 
buckling loads were calculated for a perfect shell using membrane 
prebuckling and classical simply supported boundary conditions 
(w = M = v = N = 0). X X 
For the isotropic shell A -8, the lowest buckling load (p = l. 0) 
is a multiple eigenvalue occurring for a family of modes. We know 
from previous correlation studies(S, lO) that at least one of these 
modes should be included in the assumed solution. Also, as can be 
seen from Fig. 4 there are many modes whose eigenvalue 1s only 
slightly higher than the lowest eigenvalue p = l. 0. 
For the ring stiffened shell AR-1, the lowest eigenvalue 
(p = l. 0) is single valued and is associated with a short wavelength 
axisymmetric mode. Once again there are several modes whose 
eigenvalue is only slightly higher than the lowest eigenvalue. How-
ever, it is clear from the results of Fig. 5 that the ring stiffened 
shell AR-1 has only a few modes with eigenvalues less than or equal 
to l. 01 (within 1% of the lowest eigenvalue p = l. 0) and that all 
these modes have short wavelength in the axial direction. It should 
also be noticed that the first asymmetric mode with one half wave 
in the axial direction has an associated eigenvalue of l. 5 (50% higher 
than the lowest eigenvalue p = l. 0). 
The lowest eigenvalue (p = l. 0) of the stringer stiffened shell 
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AS-2 is also single valued but it is associated with an asymmetric 
mode that has one half wave in the axial direction. Also, as can be 
seen from Fig. 6, there are only 3 modes with eigenvalues less than 
I. 10 (within 10% of the lowest eigenvalue p = I. 0). As a matter of 
fact there are only a few modes with eigenvalues less than I. 50. 
The amplitudes of the initial imperfections used in the cor-
relation studies are computed from the averaged imperfection 
model. This analytical imperfection model, which expresses the 
variation of the imperfection amplitudes with axial and circumfer-
entia! wave number, combined with the eigenvalue maps provide 
the investigator with a very useful guide when selecting the modes 
to be included in the analysis. A relatively large initial amplitude, 
combined with a mode shape whose eigenvalue is close to the lowest 
value, will always result in a buckling load which is lower than the 
classical value. 
Coupling of Modes 
By definition one or more modes are coupled, if their inclu-
sion in the analysis results in nonzero off-diagonal terms in the 
matrices C, A and B of eqs. 15 and 16. (The first matrix is a 
diagonal matrix.) It can be shown that coupling between one 
axisymmetric mode with wave numbers (i, o) and 2 asymmetric 
modes with wave numbers (k, .R.) and (m, n) will occur, if the relation 
i = lk ± m I and .R. = n are satisfied. For the degenerate case of 1 
axisymmetric (i, o) and 1 asymmetric mode (k, .R.) the coupling con-
ditions reduce to the single relation i = 2k (B). Further it has been 
found that coupling between 3 asymmetric modes with wavenumbers 
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{k, J.), (m, n) and (p, q) will occur if the relations k ± m ± p = odd 
integer and q = I J. .± n I are satisfied. If these coupling conditions 
are satisfied, then the resulting buckling load of the shell is generally 
lower than the buckling load when each mode is considered separately. 
IMPERFECTION CORRELATION STUDIES 
Next the experimental buckling loads of the shells A-8, B-1, 
AR-1 and AS -2 were predicted by using some of the mode shape 
combinations found previously to have important coupling properties. 
The experimentally determined averaged imperfection model was 
used in this study. 
The buckling load calculations for shell A -8 are summarized 
in Table V. In this table the notation (2, 0) denotes an axisymmetric 
mode with 2 half waves in the axial direction, whereas ( 1, 9) stands 
for an asymmetric mode with a single half.wave in the axial direction 
and 9 full waves in the circumferential direction. The fundamental 
role that the basic combination (2, 0) + (1, 9) + (33, 9) + (34, 0) plays 
becomes evident as more and more modes are included in the solution. 
The importance of the basic combination is explained by the fact that 
as shown in Fig. 7, the 3 modes (1, 9), (33, 9) and (34, 0) lie on the 
Koiter circle associated with the lowest eiganvalue p = 1. 0. The 
results of Table V indicate that in going from a 6-mode to a 10 -mode 
solution the addition of 4 new modes resulted in a 9% decrease in 
the predicted buckling load, whereas the inclusion of 5 additional 
modes (15-mode solution) resulted only in a further l/2% decrease. 
This behavior suggests that there is a point beyond which the addition 
of more modes will not necessarily result in further significant 
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L 
i 'k (34, 0) 
Fig. 7 Basic Combination on the Koiter Circle 
decrease of the predicted buckling load. The buckling load calculati ons 
for the isotropic shell B -1, summarized in Table VI, followed the 
same general pattern. 
The buckling load calculations for the ring stiffened shell AR -1 
are summarized in Table VII. The selection of the modes follows 
the same pattern as for the isotropic shells A-8 and B-1. However, 
in this case the inclusion of additional modes results in only rela-
tively small decreases in the predicted buckling loads. The reason 
for this behavior becomes evident if one considers the distribution 
of the eigenvalues for the shell AR-1 shown in Fig. 5. All those 
modes whose associated eigenvalues are close to the lowest eigen-
value have many half waves in the axial direction. Thus their initial 
amplitudes, as given by eq. 25 of the averaged imperfection model 
are very small. Conversely, the associated eigenvalues of the modes 
with significant initial amplitudes (modes with few half waves in the 
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axial direction) are considerably higher than the lowest eigenvalue. 
Thus their contribution to the lowering of the calculated buckling 
loads is ineffective. 
The buckling load calculations for the stringer stiffened shell 
AS-2 are sum.marized in Table VIII. Comparing the result of the 2-
mode solution with that of the 4-mode solution, it is evident that the 
additional short wavelength modes have only an insignificant effect. 
The reason for this becomes immediately evident if one considers 
the distribution of the eigenvalues for the shell AS-2 shown in Fig. 6. 
Only the eigenvalues of a few asymmetric modes with long wavelength 
in the axial direction are close to the lowest eigenvalue, which in 
this case is asymmetric. Coupling of these modes resulted in a sig-
nificant decrease in the predicted buckling load. The insignificant 
effect of the short wavelength axial modes is further illustrated by 
the fact that the elimination of these modes from the 14 mode solution 
resulted in a buckling load of p = 0. 828, only slightly higher than 
the value of p = 0. 824 predicted by the 14 mode solution itself. 
Finally, in Table IX, the lowest buckling loads predicted by 
the multimode solutions are compared with the corresponding experi-
mental values. The agreement is very good for the isotropic shells 
A-8 and B -1 and satisfactory for the ring and stringer stiffened 
shells AR-1 and AS-2. 
CONCLUSIONS 
The main conclusion that can be drawn from this investigation 
is that, with the proposed multimode analysis, it is possible to pre-
dict reasonably well the buckling load of axially compressed isotropic 
and stiffened shells from measured initial imperfections. 
-19-
Further, from the detailed imperfection correlation studie s 
one must conclude that, if realistic variation of the imperfec tion 
amplitudes with wavelength is taken into account, the n suita ble com-
binations of axisymmetric and asymmetric modes ar e alwa ys more 
damaging than either a single axisymmetric or a sing l e asymme t r i c 
mode. 
The proposed multimode analysis does not include the e ffe ct 
of the prebuckling deformations caused by the edge constraints. 
However, comparisons with the so-called "extended" analysis that 
includes such effects have shown that prebuckling deformations ar e 
unimportant in the presence of reasonably sized imperfections which 
tend to dominate the shell response, if the resulting deformations 
are symmetric with respect to the mid -plane of the shell. It was 
also found that the importance of the different boundary conditions 
can be properly assessed by the linear theory using m embrane pre -
buckling solutions, and whenever the boundary conditions ar e importa nt 
they can be taken into account by proper normali z ing. The s e c onclu-
sions concerning the influence of the edge condition ar e bas ed upon a 
limited investigation but appear to substantiate standard engineering 
practice. 
Finally, it is also abundantly clear that the further incorpora-
tion of imperfection sensitivity ideas into engineering practice will 
have to await the measurements of imperfections of full scale struc-
tures and subsequent correlation studies. 
-20-
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APPENDIX A 
DISCRETIZATION OF THE GOVERNING EQUATIONS 
Substituting the double Fourier series used for repr e senting 
the initial imperfection W ( 12), the radial displacement W with its 
correction oW ( 13) and the stress function F with its corre ction 
oF ( 14) into the compatibility and equilibrium equations 8 and 9, 
using standard trigonometric identities and regrouping, yields the 
"ERRORS" E and E • These "ERRORS" are functions of the 
Nl N2 
unknown correction terms used in the above -mentioned double Fourier 
series. Finally these unknown correction terms are determined by 
solving the sets of simultaneous algebraic equations obtained by 
evaluating the integrals listed below. These integrals result from 
applying Galerkin1 s idea of minimization to the "ERRORS" EN and 
1 
EN • Thus we get from the Compatibility Equation: 
2 
2'1TR L 
I 
0 
J i'ITX EN cos L dxdy = 0 
0 1 
for i = 1, 2, .••• , N 1 
2'1TR L 
l J EN sin k~x cos 4t dxdy = 0 0 1 for k = 1, 2, •••• , N 2 
2'1TR L 
(A -1) 
(A-2) 
{ J . k 1 'IT X • i_ 1 V 0 EN 1 s1n --y:- s1n =-t" dxdy = 0 for k 1 = 1, 2, •••• , N 3 (A-3) 
and from the Equilibrium Equation: 
2'1TR L 
J J EN 
0 0 2 
cos inx dxdy = 0 T for i = 1,2, .... ,N 1 (A-4) 
2'1TR L J
0 
J EN sin ki.x cos ~dxdy = 0 
0 2 
fork = l,2, .... ,N2 (A-5) 
. k 1 'IT X • i_ 1 V 
s1n- s1n..::......L. dxdy = 0 for k 1 = 1, 2, •••• , N 3 (A-6) L R 
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Repeated subscripts denote DIAGONAL matrices and the individual 
BLOCK matrices are given by the following formulas: 
A .. = 2 R (Q a~ + 1) ~. ~ t XX ~ 
2-B .. =a. D -2~ 
~. ~ 1 XX 
c .. 
1, 1 
where i = 1, 2, •••• , N 1 
R{ 2;~22;' 2 - } A = c- l3 (W + W ) ( o -o ) o i, k t _ 1 n mn mn i=k+m i= I k-ml n =£ m,n-
N2 } 
Bi,k =C~' L: ~ll3~ Fmn( 0i=k+m- 0i=lk-ml) 0 n=£ lm, n-
(A-9) 
(A-10) 
N 
c =- .!..!. ~ ...!.{ "~ A 2 (w +W )(o -o )o } i, k 4 R - 2 LJ L 1~-'n mn mn i=k+m i = lk-ml n=£ H a. m, n= 
XX 1 
A. kl 1, 
B. kl 1, 
where i = 1, 2, •••• , N 1 
k = 1,2, •.•• ,N2 
{ 
N 3 } R 2 -
- c- W 1 + W 1 0 -o 0 
- t L ~ 13 q ( pq pq) ( i =k I +p i = I k I -p I ) q =£ I 
p, q-1 
N 
- c R {" ~ A 2 F' (o -o )o } 
- t LJ L ~""q i=k 1 +p i= lk 1 -pl q=£ 1 p,q pq (A -11) 
c. kl = -.!...!. _c_ -1 { ~3" 132 (W 1 +W' )(o -o )o } 
1, 4Rn 2 i.J':! q pq pq i=k'+p i=lk'-pl q =£' 
n a. p, q-1 
XX 1 
where i = 1, 2 , .••• , N 1 
k 1 =1,2, •••• ,N 3 
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- 2 
1 t (Qxx ai + 1) } 
tF. - -2 R 2 W. 
10 H 10 a. 
1 XX 
(A -12) 
+ 2 R (Q a~+1)F. +a~D W. -2"A(W. tW. )l 
t XX 1 10 1 XX 10 10 10 ' 
(A-13) 
where i = 1, 2, •••• , N 1 
N2 
Ak, i = -2c ~ a; {p~ q~/~(W pq +W pq)(ok=i+p -ok= li-p I) oq =i.} 
N2 
Bk,i = -2c ~a; {~q~/~ Fpq(ok=i+p-ok= li-pl)oq=l} (A -14) 
N2 
{ L: L: 13~(W pq +Wpq)(ok=i+p -&k= li-p I) oq =1} 
p, q=1 
wherei = 1,2, •••• ,N1 
k = l,2, .•.. ,N2 
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A = A' + A' I + A 0 k,m k,m k,m k,k k=m 
B = B' + B' I + B 0 k,m k,m k,m k,k k=m (A -15) 
C =C' +C" +C o k,m k,m k,m k,k k=m 
where 
Ak' = -2c R 13 2 {~1 a~{W. +W. ){6 . -6 ,. 1)l6 
, m t n /-:;.1 1 10 10 k=1+m k = 1-m n =.l! 
Bk, m = -2c f P~{J: a;Fio(Ok=i+m -Ok= li-m l)}on =£ (A -16) 
132 { N1 } 
Ck', m = ~2 Rt n I: a~{W. +W. ){6k_. -6k_. - ) 6 - " 
- ._1 1 10 10 -l+m -lm n-x YH,k,J! 1-
' N2 
A" = -i c R] \"' \"' {W + W )(rh 6 6 
k, m lT t \ LJ '-!_ pq pq '+' 1 k+ lm -p I =odd 1! =n+q \p,q-1 -
B" - - 4 R { ;~ F (rh 6 6 
k, m - iT c T )p~ q'-:;_1 pq '+' 1 k2:_lm-p I =odd 1! =n+q 
{A -17) 
-cp z0k:t (m+p) =odd 01 = In -q I'} 
C rr = c t l { ; ~ (W + W ) (rh 6 6 
k, m n R - LJ ~l pq pq '+' 1 k2:_lm-p I =odd 1! =n+q 
YH k n p, q-
' ' X 
- 2 
Bk k = 'Y D k n - 2~ A. 
' ' '.(, 
1 t 
ck, k = - 2 R 
'Y 
Ak I 
,m 
4 R 
=- c-
7r t 
1 
H,k, £ 
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where k, m = 1, 2, .••• , N 2 
N 
Bk I - i c R { '\' ~ F 1 (A> 6 6 
, m - 1r t LJ L pq 'fJ 1 k+ I m 1 -pI =odd £ =n1 +q p, q =1 -
+ <P z6k±(m' +p) oodd6 £ o In' -q I )} 
(A-18) 
(A -19) 
ck 1 
,m = 
-c t 1 
1T R-
'Y { 
N3 
L: L: (W~q + w~q) (¢ 1 6k+ lm1 -p I =odd 0 £ =n' +q p,q =l -H,k, £ 
+ </> z6k±(m' +p) oodd 6 f = ln'-q I )} 
wherek = 1,2, •.•• N 2 
m' = 1,2, ..•. ,N3 
c t 1 
+ 4 R----
y H,k,i. 
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-1 c t 1 < ;~ W' { ~3\' (W' +2W' )(.+. 6 6 2 ;: R - LJ LJ mn LJ LJ pq pq '~-'1 k+ lm' -pI =odd i. =n' +q y m'n'-1 pq=1 -H,k, i. ' - ' 
-1 t l - 2 } 
+ F ki. 2 R + (YQ, k, i. + ~) W ki. 
y H,k,i. 
(A- 20) 
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-4 R I F I w +W 0 0 
< 
N 2 { N! 
;c T ~ ~ mn ~ _1( pq pq)(¢1 k±_jm-p I =odd £ =n+q m,n-1 p,q-
+<Pz0k!Jm'+p) oodd0 1 o In' -q 1 )}) 
+ 2 ~ (iiQ, k, 1 +~) F ki +YD, k, 1 Wkl-Za~~(Wkf +''\:ci)} 
where k = 1, 2, .... , N 2 
Bk', i = -Zc ~ af {i.:~/~ F~q (Ok' =itp -Ok' o li-pl) 0q of •} 
(A -21) 
__ 1 __ { £~ ~~(wp,/w~q)(ok' oi+p -ok' =I i-pl) oq of'} 
YH,k•,£.• p,q-1 . 
where k 1 = 1, 2, .... , N 3 
i = 1, 2, .... , N 1 (A-22) 
where 
Ak' ,m 
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= -4 R ~ ;3\' (W' +W' )(rh 6 6 
; c t t p'-: qL;_1 pq pq 'f-'1 k' ±_Im-p I =odd P. 1 =n+q 
+ <l>z 5k':t:(m+p) oodd51' " Jn-qJ >} 
B = -4 R { ; 
3
\' F I ( rh 6 6 
k', m ; c T f;: q~l pq 't'1 k'± Im-p I =odd P. 1 =n+q 
ck' ,m 
c t 1 
=;R----
YH, kl' P. I 
where k 1 = 1, 2, •... , N 3 
m = l,2, ..•• ,N2 
(A-23) 
(A-24) 
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R 2 { Nl 2 - } Ak1 1 1 = -2 C - A 1 \' a. (W. +W. )(6k 1 · + 1 -6k 1 1· 1 I) 6 1 n 1 
, m t t-' n .LJ 1 10 10 = 1 m = 1-m n =x 1=1 
Bkl I I 
,m 
Ckll I 
,m 
-<Pz0k' :f:(m' +p) =odd 01' =In' -q I 1} 
Bll =-_icR {;~ F (m6 I I 6 k I , m 1 7r t U ~ pq 'f' 1 k I + m I - P =Odd f_ I =n I +q p, q -1 -
(A-26) 
+<Pz0k' :f:(m' +p) =odd0 l' = In' -q I 1} 
e ll k l I ,m = 
c t 1 
7r R 
YH,k 1 ,P. 1 
{ 
N 2 
L.: L.: (Wpq+Wpq)(¢1 6k 1 + lm 1 -pl =odd6 P. 1 =n 1 +q 
p,q=1 -
-<Pz0k' :f:(m' +p) =odd 0 l' = In' -q 11} 
- 2 
Bkl, kl = Yn, kl, P. I -2~~ .A (A- 27) 
where k 1 , m 1 = 1, 2, •..• , N 3 
c t + - -4 R 
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1 ( ~~ 13 2 1 wl {~1a~(W. +ZW. )(ok 1 .+ ~-okl . ~)}o 1 ·) 
- LJ LJ 1 n mn .LJ1 1 10 10 =1 m =1-m n =x y.H k I R. I m I ' n =1 1 = 
' ' 
+ i ~ :-,_- I I .ll w,;,nj £tl (Wpq +2Wpq)(<i>l ok':+: lm' -pI ooddo l' on'+q 
y.H k 1 £ 1 \ ' - 1 \p,q-
' ' 
+<Pz 0k' :t:(m' +p) oodd 01' o In' -q I)}) 
(A-28) 
wherek' = l,2, •.•• ,N3 (A-29) 
Thestiffenerparameters YH k n• Yn k n• YQ k n •••• etc. andthe 
, , X , , L , , X 
wave parameters a~, 13 2 , •.• etc. are defined in Reference 11. 
1 n 
Other special symbols used in this appendix are Kronecker deltas 
like: 
0k' =i+p = 1 if k' = i+p 
= 0 if k' * i+p 
ok'= li-p I = 1 if k' = li-p I 
= 0 if k' * li-p I 
A-30) 
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Also 
if k + 1m-p I = odd 
(A- 31) 
= 0 otherwise 
k + (m+p) = odd 
(A -32) 
= 0 otherwise 
where 
(A -33) 
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APPENDIX B 
DERJV ATION OF THE PERJODICITY CONDITION 
In order to satisfy periodicity in the circumferential direction, 
the solution must satisfy the following equation: 
f?TR v, dy = 0 0 y (B -1) 
where 
v, y [ 
1 1 - J 
= E - - -R w + -2 (W' + 2W J ) w' y y y y 
(B-2) 
Substituting for W, Wand F the assumed double Fourier 
series (Eqs. (12), (13) and (14)), carrying out they-integration, 
regrouping and introducing the usual nondimensional parameters, 
yields: 
Nl{ } -2 . H \' 2 2 H F t (""' 1) w 11TX t ( XX VA+ w ) u - a . . + R \..l a.+ . cos -L + R -1+ i = l 1 XX 10 XX 1 10 fll C V 
N3 N3 
-~ ~k4, ~l ~. ~ =/£'13n,(Wk1 +2Wk1 )Wr'n_n[cos(k'-m') ~-cos(k'+m') ~] &n' =£' 
(B -3) 
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This expression does not hold in general; however, in the sens e of 
Galer kin's approximation we may require that 
L f EO C 0 S j ~X dx = 0 
0 
Also we let: 
w = 
v 
Carrying out the integral and regrouping the resulting expression 
yields: 
F . 
10 
I t 
ZR 
-c t 
SR 
(Q u~+l) 
XX 1 
----..2,----- wio 
U · H 
1 XX 
(B -4) 
(B-5) 
(B-6) 
But this equation is identically equal to the axisymmetric part of the 
compatibility equation (A-12). 
Thus the converged solutions, which satisfy the compatibility 
equation in the sense of Galerkin, also satisfy the circumferential 
periodicity condition to the same approximation. 
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N N 
XM XNL 
Shell SS-3 C-3 C-4 SS-3 C-3 C-4 
X-1 37.0 (13) 37.3 (27) 36. 8 co 1 31.0 ( 26) 33. 4 (26) 34. 0 ( 27) 
A-8 49. 6 (9) 50.0 (9) 49. 5 co 1 41. 3 (24) 44. 8 ( 24) 45.7 (f) 1 
B-1 152.7 (8) 154. 1 (8) 152.2 (1) 1 127.2(18) 137.7 (18) 140 . 6 (f) 1 
XR-1 142.4(0) 143.8 (0) 143.8 (0) 135. 3 (12) 142. 2 (9) 143.1 (13) 
AR-1 142.5 (0) 143.2(0) 143. I (0) 135.0 (13) 141. 8 (7) 142.6(11) 
XS-1 141.6(11) 161.6(12) 204.0 ( 16) 13 4. 4 ( 11) 160. 2 ( 12) 197.1 (16) 
AS-2 131.2 (10) 146.7 (10) 183. 2 ( 14) 127.9(10) 146.4 (10) 180.9 (14) 
Numbers in parentheses are the number of circumferential waves, £ 
N = Buckling load from BOSOR ( 19 ) or SRA (2 0) using membrane 
XM 
prebuckling analysis (lb/in) 
N = Buckling load from BOSOR (1 9 ) or SRA (20) using nonlinear 
XNL 
prebuckling analysis (lb/in) 
SS-3 - w = M = v = N = 0 
X X 
C-3 
- w = w, x = v = Nx = 0 
C-4 -w=w,x=v=u=O 
1 Values taken from Reference 2 3 
TABLE II. BUCKLING LOADS OF THE PERFECT SHELLS 
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X-1 XR-1 XS-1 
SS-3 C-3 SS-3 C-3 SS-3 C-3 
N 37.0 ( 13) 37.3 (27) 
XM 
142.4(0) 143. 8 (0) 141.6 (11) 161.6(12) 
N 24. 8 ( 13) 
SMM 
123.4 (9) 88.3 ( 11) 
N 24. 6 (13) 119.2 (9) 
sEXT 
87.7 ( 11) 10 2. 5 ( 11) 
N 
SMM 
o. 67 0.87 0.62 N 
XM 
N 
SEXT 
0.66 0.83 o. 63 N 
XM 
Numbers in parentheses are the number of circumferential waves, 1 
N =Buckling load from BOSOR(l 9 ) or SRA( 20) using membrane prebuck-
xM ling analysis (lb/in) 
N = ltnperfect shell buckling load by the multimode analysis 
sMM 
N = ltnperfect shell buckling load by the extended( 24• 25 ) analysis 
sEXT 
TABLE III. BUCKLING LOADS OF THE IMPERFECT SHELLS 
Cosine Representation Sine Representation 
Axisymmetric Asymmetric 
XA q X r s 
A-8 o. 1280 l. 18 1. 630 1. 01 l. 33 
B-1 o. 1780 1. 43 o. 960 l. 13 l. 18 
AR-1 o. 0208 l. 50 o. 206 l. 18 I. 22 
AS-2 0. 0068 o. 25 0.786 1. 12 l. 23 
TABLE IV. IMPERFECTION MODEL SUMMARY 
2-modes ps 
(2, 0) + (1. 9) = o. 901 
4-modes 
(2, 0)+( 1, 9)+(33, 9)+(34, 0) = o. 846 
6-modes 
(33, 7) 
I 
(3 3, 2) 
I 
(2, 0)+(1, 9)+(33, 9)+(34, 0) = o. 763 
8-modes 
(1,7) (33,7) 
I I 
(1,2) (33,2) 
I I 
(2, 0)+(1, 9)+(33, 9)+(34, 0) = o. 744 
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1 0-modes 
(1, 11) (1, 7) (33, 11) (33, 7) 
" / " / (1,2) (33,2) 
" / (2, 0)+(1, 9)+(33, 9)+(34, 0) 
15-modes 
(1,11) (1,7) (33,11) (33,7) 
" " / (1,2) (33,2) 
"' / (2, 0)+(1, 9)+(33, 9)+(34, 0) 
I I 
(2,4) (32,4) 
I I 
= o. 699 
(4, 0)+(2, 13)+(32, 13)+(34, 0) = o. 693 
TABLE V. BUCKLING LOADS CALCULATED BY THE MULTIMODE 
ANALYSIS (SHELL A-8) 
2-modes Ps 
(2,0)+(1,8) = o. 837 
4-modes 
(2, 0)+(1, 8)+(25, 8)+(26, 0) = o. 803 
15-modes 
(1, 10) (1, 6) 
" / ( 1' 2) 
" (2, 0)+(1, 8) + 
I (2, 3) 
I (4, 0)+(2, 11) + 
(25, 10) (25, 6) 
"' / ( 25' 3) 
/ 
(25, 8) + (26, 0) 
I (24, 3) 
I 
(24, 11) + (26, O) = 0. 663 
TABLE VI. BUCKLING LOADS CALCULATED BY THE MULTIMODE 
ANALYSIS (SHELL B-1) 
2-modes ps 
(16, 0)+(8, 16) = o. 995 
4-modes 
. 
(2, 0)+(1, 8)+(15, 8)+(16, 0) = o. 985 
6-modes 
(15, 6) 
I 
(15, 2) 
I 
(2, 0)+(1, 8)+(15, 8)+(16, 0) = o. 965 
8-modes 
(1, 6) (15, 6) 
I I 
(1, 2) (15, 2) 
I I · 
(2, 0)+(1, 8)+(15, 8)+(16, 0) = o. 959 
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12-modes 
(1,6) (1,5) (15,6) (15,5) 
I I I I 
(1,2) (1,3) (15,2) (15,3) 
........._, , ___ 
(2, 0)+(1, 8)+(15, 8)+(16, 0) = o. 946 
20 -modes 
(1, 13) (15, 13) 
I I 
(1,3) (15,3) 
I I 
(1, 10) (15, 10) 
I I (1, 2) (15, 2) 
I I 
(2, 0)+(1, 8)+ (15, 8)+(16, 0) 
I I 
(1, 15) (15, 15) 
_........., I .............._ 
(1, 9) (1, 7) (15, 7) (15, 9) 
I I (1, 6) (15, 6) = o. 932 
TABLE VII. BUCKLING LOADS CALCULATED BY THE MULTIMODE 
ANALYSIS (SHELL AR-1) 
2-modes ps 14-modes 
(2, 0)+(1, 10) = o. 904 (1, 19) (9, 19) 
I I 
(1,9) (9,9) 
I I 
4-modes (2, 0)+(1, 10)+(9, 10)+(10, 0) 
I I 
(2, 0)+(1, 10)+(9, 10)+(10, 0) = 0. 903 (1, 11) (9, 11) 
I I 
(1, 21) (9, 21) 
I I (1,2) (9,2) = o. 824 
TABLE VIII. BUCKLING LOADS CALCULATED BY THE MULTIMODE 
ANALYSIS (SHELL AS-2) 
Shell 
A-8 
B-1 
AR-1 
AS-2 
N 
SMM 
N 
XSS-3 
ps 
o. 69 
0.66 
0.93 
0.82 
PEXP = 
-43-
PEXP ~ p 
0.66 0.03 
o. 60 o. 06 
0.81 0. 12 
o. 71 o. 11 
N 
XEXP 
N 
XC-4 
N , N = Perfect shell buckling loads using membrane 
xSS-3 xC-4 prebuckling 
TABLE IX. COMPARISON BETWEEN THEORY AND EXPERIMENTS 
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FIG. 3 COMPARISON BETWEEN MULTI MODE AND EXTENDED 
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FIG . 4 BUCKLING LOADS FROM LINEAR THEORY FOR 
SHELL A-8 (SS-3 BOUNDARY CONDITJON-
w=Mx= v =Nx=O) 
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Circumferential Wave Number R. 
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FIG. 5 BUCKLING LOADS FROM LINEAR THEORY FOR SHELL 
AR-I(SS-3 BOUNDARY CONDITION-w=Mx=v= Nx=O) 
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BUCKLING LOADS FROM LINEAR THEORY FOR SHELL 
AS- 2 (SS-3 BOUNDARY CONDITION- w = Mx= v = Nx = 0) 
